Abstract. The non-relativistic three-body Schrödinger equation of the heteronuclear molecular ion HD + is solved in perimetric coordinates using the Lagrange-mesh method. Energies and wave functions of the four lowest vibrational bound or quasibound states v = 0 − 3 are calculated for total orbital momenta from 0 to 47. Energies are given with an accuracy from about 12 digits for the lowest vibrational level to at least 9 digits for the third vibrational excited level. With a simple calculation using the corresponding wave functions, accurate dipole transition probabilities per time unit between those levels are given over the whole v = 0 − 3 rotational bands. Results are presented with six significant figures.
Introduction
The heteronuclear diatomic molecule HD + is the lightest isotopomer of H + 2 . The electronic ground state supports 637 rotational-vibrational levels of which 563 are bound and 74 are quasibound levels [1] . As for any three-body system, exact solutions of the Schrödinger equation can not be obtained but it is possible to reach a high accuracy for both energies and wave functions.
Theoretical dissociation energies have been investigated for a long time. In 1993, Moss presented a detailed study including radiative and relativistic corrections of most of the bound and quasibound levels of the electronic ground state [1] (see also several references to previous works). The dissociation energies are presented there in cm −1 with nine figures. They correspond to total energies with about ten significant digits. Improvements in accuracy have been reached in several papers but for limited numbers of energy levels [2, 3, 4, 5, 6, 7, 8, 9, 10] . In particular, the ground state has been widely studied, but not always with the same mass values. The CODATA 1986 masses are employed in [1, 2, 3, 4, 5, 6] while the CODATA 2002 and 2006 values are used in [7, 8] and [9, 10] , respectively. To date, the most accurate result is determined with a 25-digit accuracy by Hijikata et al [9] .
The molecular ion HD + as well as the other heteronuclear isotopomers HT + and DT + have a permanent electric dipole moment. Hence, electric dipole (E1) transitions are possible. In 1953, the original work of Bates and Poots [11] included the theoretical Einstein A coefficients between some of the lowest vibrational-rotational levels. The lifetimes of 22 vibrational levels for the total orbital angular momentum L = 0 were determined in [12] . Recently, Tian et al [10] published oscillator strengths for the six first rotational and six first vibrational levels.
In this work, we extend to HD + our previous studies of transition probabilities within the bound spectra of H + 2 [13] and D + 2 [14] . The calculations are simplified by the fact that E1 transitions are not forbidden like in H + 2 and D + 2 but they are made heavier by the lower symmetry of the three-body wave functions. Accurate energies are calculated beyond the Born-Oppenheimer approximation with the Lagrange-mesh method in perimetric coordinates [15, 16, 17] with which the calculation is particularly simple and very precise. E1 transition probabilities are obtained from the corresponding three-body wave functions.
The Lagrange-mesh method is an approximate variational calculation using a basis of Lagrange functions and the associated Gauss quadrature. It has the high accuracy of a variational approximation and the simplicity of a calculation on a mesh. The most striking property of the Lagrange-mesh method is that, in spite of its simplicity, the obtained energies and wave functions can be as accurate with the Gauss quadrature approximation as in the original variational method with an exact calculation of the matrix elements [18, 19] .
The Lagrange-mesh method also provides analytical approximations for the wave functions that lead to very simple expressions for a number of matrix elements when used with the corresponding Gauss-Laguerre quadrature. In the same direction, this method has been applied to obtain not only energies and quadrupole transitions probabilities of the homonuclear systems H + 2 [13] and D + 2 [14] but also polarizabilities for H + 2 [20] . We keep here the CODATA1986 masses to allow a full comparison with the complete set of energies of [1] . The transition probabilities are presented with six significant figures and do not change with later mass conventions.
In section 2, the expressions for the transition probabilities are summarized. Lagrange-mesh expressions for the transition matrix elements are presented briefly. In section 3, energies are given for the lowest four vibrational levels over the full rotational bands and E1 transition probabilities are tabulated. Concluding remarks are presented in section 4.
Lagrange-mesh calculation of transition probabilities
In the three-body Hamiltonian that we are considering, two nuclei with masses m 1 and m 2 < m 1 and charges q 1 and q 2 and an electron with mass m e = 1 and charge q e = −1 (in atomic units) interact through Coulomb forces. The total orbital momentum L and parity π are constants of motion. The dimensionless dipole oscillator strength for an electric transition between an initial state i with energy E i and a final state f with energy E f is given by [21, 22] 
where d (1) µ is the electric dipole operator defined below. The transition probability per time unit for E i > E f is given in atomic units by
where α is the fine-structure constant. Lifetimes can be calculated using
In the center-of-mass frame, the Hamiltonian is written as a function of two pseudoJacobi coordinates
where r ei is the coordinate of the electron with respect to nucleus i. These coordinates are expressed as a function of three Euler angles ψ, θ, φ and three internal perimetric coordinates x, y, z which are defined as linear combinations of the interparticle distances [23] ,
3
The domains of variation of these six variables are [0, 2π] for ψ and φ, [0, π] for θ and [0, ∞[ for x, y and z. In perimetric coordinates, the dipole tensor operator reads
where
with
In these expressions, M and Q are the total mass and charge of the system, respectively, and D 1 µq (ψ, θ, φ) is a Wigner matrix element. For m 1 = m 2 and q 1 = q 2 , one recovers equation (10) of [20] . The definitions and expressions of R, ρ and ζ in terms of the perimetric coordinates are given for example in [15, 16] . The dipole operator is odd under space reflections.
The wave functions with orbital momentum L and parity π are expanded as [17] 
where the D Lπ M K (ψ, θ, φ) are normalized parity-projected Wigner functions [17, 13] . In practice, the sum can be truncated at some value K max .
Due to the permanent dipole moment of the molecule, E1 transitions are possible within the Σ g rovibrational band, between states of different parities. For transitions between natural-parity states π i,f = (−1) L i,f , the dipole strength is given by
The matrix elements
are calculated by integration over the perimetric coordinates with the volume element (x + y)(y
K (x, y, z) functions of equation (9) are expanded in the Lagrange basis as
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The three-dimensional Lagrange functions F K ijk (x, y, z) are infinitely differentiable functions satisfying the Lagrange property with respect to the three-dimensional mesh (h x u p , h y v q , h z w r ),
i.e. they vanish at all mesh points but one. The mesh points (h x u p , h y v q , h z w r ) correspond to the zeros u p , v q , w r of Laguerre polynomials of respective degrees N x , N y , N z . Three scale parameters h x , h y , h z are introduced in order to fit the mesh to the size of the actual physical problem. See Refs. [15, 16, 17, 13, 20] for details. The three-body Hamiltonian in perimetric coordinates for each good quantum number L and its discretization on a Lagrange mesh are given in [16] . The eigenvalues and eigenvectors of this large sparse matrix are calculated with the package JADAMILU [24] . For given L π , the eigenvalues in increasing order are labeled by the quantum number v ≥ 0 related to the vibrational excitation in the Born-Oppenheimer picture. The corresponding eigenvectors provide the coefficients appearing in expansion (13) .
Let us consider initial and final components (13) with respective coefficients C
Because of the Lagrange property (14) , the matrix elements (12) are simply given by [20] A L i L f ;1
by using the Gauss quadrature associated with the mesh. The small gap between these two thresholds does not make any quantitative difference in the number of bound states. In Table 1 , the obtained energies are presented as the first line for each L value. The accuracy is estimated from the stability of the digits with respect to test calculations with smaller and larger numbers of mesh points (see Table  3 below). The error is expected to be at most of a few units on the last displayed digit. Literature results, sometimes truncated and rounded, are displayed in the following lines. Except in the low-L or low-v regions where results of other references are mentioned, the literature results are the 10-digit energies obtained by Moss in [1] . Since the energies of [1] are converted here from cm −1 into atomic units, their accuracy is about 2-3 units on the last digit. The energy for the ground state (L π , v) = (0 + , 0) has been improved in a series of papers [2, 3, 4, 5] . The best known values were determined with about 18 digits by Yan et al [6] and about 25 digits by Hijikata et al [9] , with different values for the masses of the proton and deuteron. Our accuracy is about 10 −13 . For the (0 + , 1), (0 + , 2) and (0 + , 3) vibrational excited states, the accuracies are about 10 −11 , 10 −10 and 10 −9 , respectively.
Energies and E1 transition probabilities
The energy of the lowest L = 1 level is known with about 18 digits [5] . Results with the same accuracy (close to 18 digits) are available for L = 2 − 12 and v = 0 [6] . Our error for the lowest vibrational energy remains smaller than 10 −13 for all these states. When comparing the rest of our results with those of Moss [1] , one observes that both works agree very well. The present energies are a little more accurate for v = 0 and a little less accurate for v = 2 and 3. But, in addition, the Lagrange-mesh method provides easy-to-use accurate wave functions. Fig. 1 shows the obtained spectrum. Table 2 . Each first line displays Lagrange-mesh results obtained using the set of parameters N x = N y = 40, N z = 20 and h x = h y = 0.08, h z = 0.5. Each second line contains rounded results of Tian et al [10] . Their groundstate energy agrees with the more accurate result of [9] . When comparing the results obtained with two different mass conventions in Tables 1 and 2 , one observes that the difference in the energies appears at the tenth digit. Table 3 can not be distinguished. In general, the κ = 1 contributions have an importance smaller than 0.02 %. With respect to N z , a 12-digit convergence of the energies and a 10-digit convergence of the probabilities is already obtained for N z = 14. The convergence with respect to N is The convergence of the transition probabilities with respect to K max can be studied by comparing the results for K max = 2 with results from wave functions truncated at K max = 0 and K max = 1. The relative error when K max = 0 is smaller than 9 % for all considered transitions while the error for K max = 1 is smaller than 5 × 10 −6 . By extrapolation, we estimate that the relative error on the present transition probabilities obtained with K max = 2 should be smaller than 10 −7 . Table 4 presents transition probabilities per second within a same rotational band, L f = L i − 1 and v f = v i ≤ 3. Some transition probabilities involving quasibound levels are also included. We limit the number of significant figures to six. The probabilities increase slowly with L with a maximum at L i = 36, 35, 33 and 32 for v i = 0, 1, 2 and 3, respectively. This is due to a maximum of the energy differences around L i = 27. The maximum of the transition probabilities is shifted toward higher L i values by a steady increase of the reduced matrix elements. 
. Results are given with five digits followed by the power of 10. The probabilities per second for other transitions are displayed in Table 5 . The columns correspond to transitions between different vibrational levels ( Table 6 . The L → L + 1 strengths of [10] are multiplied by (2L + 1)/(2L + 3) to reverse them into L + 1 → L. The Lagrange-mesh calculations are done using the parameters N x = N y = 40, N z = 20 and h x = h y = 0.08, h z = 0.5. The agreement between both calculations improves with increasing L i . It almost reaches 12 significant figures for L i = 4, 5 and v i = 0, 1. Using relation (2), dipole transition probabilities can be calculated. We find that the six significant figures presented in Tables 4 and 5 
unchanged. These numbers are independent of later changes of mass convention for the proton and deuteron. [10] . For the 22 vibrational levels of the rotationless state L = 0, lifetimes have been calculated at the Born-Oppenheimer approximation in [12] . The lifetimes 5.47 × 10 −2 s, 2.94 × 10 −2 s and 2.11 × 10 −2 s for the first, second and third L = 0 excited vibrational levels agree respectively with our values 5.460 856 × 10 −2 s, 2.932 100 × 10 −2 s and 2.102 753 × 10 −2 s, obtained from Table 5 . The lifetimes of all calculated levels are displayed in Fig. 4 .
Because of the presence of a permanent dipole moment, dipole transitions are dominant in the spectrum of HD + and the lifetimes are expected to be much smaller than for the quadrupole transitions in H 
Conclusion
With the Lagrange-mesh method in perimetric coordinates, the three-body Schrödinger equation of the heteronuclear molecular ion HD + is solved with Coulomb potentials. Energies and wave functions are calculated for up to four of the lowest vibrational bound or quasibound states from L = 0 to 47. Lagrange-mesh results are obtained with 40 mesh points for the x and y coordinates and 14 mesh points for the z coordinate. The accuracy is around 12 digits for the lowest vibrational level and slowly decreases with vibrational excitation until 9 digits for the third excited vibrational level. These accuracies are maintained along the whole bound rotational bands.
With the corresponding wave functions, a simple calculation using the associated Gauss-Laguerre quadrature provides the electric dipole strengths and transition probabilities per time unit over the whole rotational bands. Tests with increasing numbers of mesh points and various truncations on K show that the accuracy on these probabilities should reach at least six significant figures, independently of recent or future improvements in the proton and deuteron mass values. For low-L transitions, the first 10 or 11 figures of our oscillator strengths agree with those of [10] .
The dipole transition probabilities of the heteronuclear HD + are much larger than the quadrupole transition probabilities of the homonuclear H 
